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1. Intrcduction.

In this note we consider the diffusion of a uniformly moving
substance in a cylindrical tube, the cross-section of which
is the sector Osr<ca , @4 @ £ P, 1in polar coordinates
(r,¢) . The combined process of diffusion and convection may
be described by the equation

| 22¢ 1 JC D' 32¢ . d¢C
(1.1 Dlm v Sy )tT2age Vs

where ¢ (r,¢,z) is the concentration of the substance,where
D and D' are coefficients of diffusion and v is tThe
systematic velocity which is assumed to be constant.

In this equation the effect of axial diffusion has been
neglected. Assuming that at the entrance of the tube (z=0)
the concentration is a given function ofr only,

(1 ‘2) C= Co(r") at 7 =) P

it is easlily seen that the concentration will not depend on
@ so that there only remains the effect of the radial
diffusion. |

The other boundary conditions are

(1.3) ¢ continuous at r=0 ,
(1.4) %;%=m0 at r=a ,

. S . ‘ .
(1.5) “‘“S% =0 at @=¢q , =¥ -

The latter two conditions simply express the fact that there
18 no flow across the wall of the tube. The last condlition
1s fulfilled automatically 1f ¢ does not depend on ¢ .
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With the assumption (1.2) it will be shown in section 2 that
the concentration at an arbitrary polint 1s given by a series,
the first two terms O0f which are given below

| - o ,
2 ‘ 2e o‘a
(1.6) o(rsz) =25 [ v o (r) ar + 20 Jomlal (% (1,
a® “gO 0 a®  J S(p,) © ©
O 1
. o
oJO(*é*p,l) dr + c o o3
~ D | = 2 e ..
where p, = - (a“v ) D, and B, = 3.8317 is the first

positive zero of J, (x).

The first term represents the statlonary situation which
would be obtalned by ldeal mixing of the substance at the
entrance. The second term shows the effect of diffusion.

and convection for points not too close to the entrance.

In section 3 we consider the special case

(1;7) co(r) #{

O for Oﬁrsro s

19 " r srsa

so that the above given solution (1.6) may be simplified as

2 T S PVZ r
a“-r 2r e’ 1 r J (= £,4)
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( ) ( ) a 2 P’1 1" a P JO (p/i)
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The values of JO(E-pq) , Jo(Pﬂ) and Jq(1; p4)

may be found in tables (|3] and [4]). We point out that
these solutions hold for any sectorial cross-section since

The values of @1.and w@zido not occur 1n the final expressions.
In the appendix we shall derive some formulae which are

used in the sections 2 and 3.



References.

P A RH N IR M

The eguation of hesat transport, which 18 analogous to The
dlffusion equation is treated in (1] and (ol ,

¥ . . | ,
') Carslaw and Jaeger Conduction of heat in solids.
Oxford, 204 ed, (1959), ch. VII.
(2} J. Crank The mathematics of diffusion.

Oxford, Clarendon Press (1950)
cho.> I, II,V,XI and XII.
Tabless
(3] Jahnke-Emde Tables of functions with formulae
and curves.
English-German Dover edition
| _ (1945), pp 156-166 (4 decimals).
[%] Royal Soc.Math.Tables. Vol.7s Bessel functions Part Il1l:
Zeros and assoclated values, p.2
. . (7 decimals). : '
5] H.B. Dwight Tables of intergrals and other
mathematical data.
Macmillan - Comp. (1955),
pp. 176-182,

2. woolution of the diiffusion equation.

T A RIS Y N P 2NN

In this section we derive a solution of the equation (1.1),
assuming that the concentration ¢ does not depend on ¢ .
Then (1.5) is fulfilled automatically, furthermore

32a '

W =0 go we have to solve the simpler equation

’ . 2 ‘ . ;
, ¢ 1 oc¢ _ aC
(2.1) D33z +73 =33 ) =V 352

withimabmundary conditions
(2;2)‘ ¢ continuous at r=0 ,

. -
(2*’3) o = O | at r=a o
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Applylng Laplace transformation with réspect to z:

c(r,z) dz,

we get the ordinary differential equation

S _ _
D5 + & 32 =v(pE - e (r)) .

which will be written in the form

- 2“ —
d™c 1 dc 2-
(2'5) d"""'z + T dr X C = a(r') 3
r
_ > 1 -1 ..
where «“ = pv D” ' and a(r) = -vD co(r) This equation is of

the Bessel type; 1ts general solution consists of a particular
solution and an arbitrary linear combination of the modified
Bessel functions I_(xr) and K, (ar).

Using The method of variation of the constants a particular
solution of (2.5) will be sought in the form '

c = A(r) Io(ar) + B(r) Ko(ar) .
The standard technique of this method gives the two relations
. 1 | I
I A Io(mr) +B K (xr) =0,
. ¥ ‘ - |
1 A I, (x) + B Kol(mr) = o 4a(r).

“ { ‘
oolving these equations for A and B and applying the well-
known property

I(x) K, (x) - I, (%) K (x) = =<1

we obtaln
B |

{ A'=r a(r) K (xr) s

B = -r a(r) Ié(tx r).
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Since we only need a particular solution we may put

o
1
Hil<g
O\ O
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and so the general solution of equation (2.5) is ob-
tailned in the followlng form

(2:-6) c(r,p) = - %[f c . (p) { I (ar) K («xp)=I_(«p) Ko(ar)} dp +
+ PIO(a r) + Q Ko(eér) ,

where the constants P and Q have to. be determined from the
boundary conditions (2.2) and (2.3). The condition of
continulty at r=0 implies Q=0 1n view of the logarithmlc
singularity of Koﬁxr) at r=0 . From the condition

iﬁ.u O at r=a we obtaln
oY

a

P = E?i-&-;-) % r ¢ (r) { I '(xa) K («r) - I,(«r) K] (ua)} ar.

Substituting the values of P and Q into (2.6) we find

(r0) = - 5 [ [ p ool [Tolar) Elxp) - Tep) Kyfard} dp 4

r co(r) {IO '(ota) Ko(mr) - Io(«r) KO"(a a)}dr].

The inverse of the ilaplace transformation (2.4) 1s glven by
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( = '8) “ (1‘*’ > % ) BT € ¢C ( o p) dp R —

? ﬂi L é ,_w""'/
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‘f” .
where L is an arbitrary vertical e P
P ath o -1oo ey 4. 1l.c0o ;in the cPegion of L"'W - S _
regularity cof c(r,p) (shaded in . '#ﬁfwwwww
fig 1). . - , - L -
1t will be shown in the ~- Appendj_x , B‘ A /
- ~ S ol e
analytic function of p with a . . I

set of simple poles pn(nwO,ﬂ,E,,.,)
at the negative real axis,
stTarting with P, =0, The

other poles are.obtained from the (simple)zeros of I Oxa)
(see formula (2.7)) or, which is the same, from

fig 1.

Jq(ima)mo °

The positive zeros of Jﬁ(x) are often callediﬁn ;80 the
non-trivial zeros of the latter equation may be written
as.

_ R = ‘ -wﬂ
\2:9) #m o g R
From (2.9) and<%§2 = P, V Dfﬂ it follows that
o 2 _ ..
, ‘ NG L
(2'.10) ph = - “Méilm n = 432,0&0‘

The origin p=0 must be considered seperately since p=0
is not only a zero of Jq(x) but also a singularity of

K (:x:) and K_ "(x).

The zeros of J,i(x) have been tabulated e.g. in [3] and

(4] . , ,.,.
The rightmhand side of (2.8) may now be expressed in a
sum of residues



In the Appendix!{ subsection A) a calculation of these
resldues will be gilveng here we only mention the ormulae

_ ﬁ ~ 3
¢ : e ey < b .o | ‘” } LT s T
| residue al p ~0 8 S5 | oo () dv
o) O -
)
3\\
| I 5 &
p.z J (%' )
| o 1! o gy
| residue at p -y e e r c_(r})*
K m: 2 2 Nd Qf @
' e J O ( aﬁn) O

Combining these results we eventually find

| ' , @ # & pz I (3P,
(2‘.‘12) G(P,Qg} — %{‘j ) G (P) dr + ; e I O a | n .
‘ N I ()
oY 1N
& _ ) :
i 3 o M e il‘
: é r LO{P) Jo(a i’in) dr ..b P

where p_ 1is given by (2.40) -

3.

Here we conaider the case that the concentration at the
entrance is described by
Q0 for OgLr ¢ 1T

£3;ﬂ) GOQP) = .

1 it r €T <a .

Then the first term of the expansion of c(r,z) reduces

toﬁmrogamgg'Uaing a certain relation between Bessel
functiong the integration can be carried out. This

will be shown in the Appendix (subaectioniB)gwhere
the following result will be derived



q .
r . _ O _0O ., )
Oj/ I GO(IO} JO{E {2 1'1) dr % J‘"ﬁ (8 zﬁn)

The solution of this special problem 1s therefore glven by

. 2 o p._Z r
a 2ry 5 e Ty Io(F Ay
(3.2) olr,z) = (1- %)+ =2 2, & 5 (2, )220
. 2 a - ‘1 i . '1 d: I 2
a - i Tl JO (;En)
- ,2 ., 2 '
The term '1--—%— , O -————— describes the situation of
. - or 2 .

jdeal mixing at the entrance of the tube. The subsequent Terms
representing the effect of diffusion and convection are
corrections to this plcture. In order to obtain a prescribed
accuracy 1t depends on the chosen values of 2z whether one

or more correcting terms must be taken into calculation.

For relatively large values of z it suffices to take only

one correcting term of the expansion (3.2),

| . 2 r L
| r, 2r P,z r I (/4,4)
(3.3) C(I’,Z) (1--'-—2——)'*' "é'“"""'" e L J,}(mgowf{%,‘)oea____——l_-{- cee
' 1 - (fﬁq)
o D /312
where p, = 3.8317 and Py = - —5 o
‘ a~v

Appendix.

In this Appendix we give some derivations which are of minor
importance to the diffusion.problem and which for this reason are
omitted in sections 2 and 3.

A. Here we shall give a derivation of the expansion (2.12) of
c(r,z). To that purpose we first determine the. posslble
singularities of c(r,p) in the complex p-plane.

The first integral of (2.7) viz.



-G -

& - i r
(A1) j(; f e () t L lur) K (xp) - I («p) K_(ar) S‘; d¢

will be considered first.

We note that I (x) is an (even) entire function of x
and that Kd(x) has a logarithmic singularity at x=0
of the following kind,

- X 2 i
KO(X) = ~( wf + 1n '5*) IO(X) + 0(x°) for x -0,

where } is Euler's constant.

Hence the expression (A1) may have a possible
singularity atx = 0 , However, by considering the
behaviour of this expression for &« -0

r
(A2) Ojf Co(f) ﬁ - (} +1n &g) Io(ﬁf) I («r) + I_(ar) O(d2)+
+ () +1n 5“5%) I (xr) I_(=p) - I (ap) O(g@)% a p,

it aprears that, with respect to «, the logarithmilc
terms drop out. Thus (A1) is regular and even wilith res-
pect to « and consequently also a regular function

of p.

We now consider the second integral of (2.7) viz.

Loler) 7

- A
L (=a)

O] <

' " y , s (.
rco(r) %7 I (28) Ko(mr) ~ IO(&P)KO (u.a)} dr

which may also be written as



It 48 eagily seen that as a funtion of « this ex-

_ _ . + 1 -7
pression has a set of pcles o = - i 3, B , or

& A ‘";ﬂi‘ _
P = %Diﬁng (agv) ", due to the zeros of the denominator. The

origin must be considered separately. Again 1T appears
that the terms with In & disappear, and that (A3) is an
even function of & with a pole of the second order in the
origin, Thus when considered as a function of p there
results a meromorphic function of p with a simple pole

in the origin. The residue at p=0 can be calculated by
using the following expansions expressing the be-
haviour for p—==0 , or for &« =0,

% 8

| | - 3
I, (o - + 0 (e
%!/ ,ﬁ}(ma) K-8 ‘ (2 )
PI (ar) =1 + 0 (%)

Y
=
R
2
Ne”
i
!
Fy

We also use the relations

1

¥,

o : . ,
(A5) 1 B (%) = 14 (x)

-

N

=
5, () = )

which may be found, as well as the expanslions ( A4),
in [ 5] pp. 181 and 182,
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Hence for x -= 0 the expansion (A3) may be written as

5

% j;(;) 8 cgﬁrﬂ) JLOf«,..m) »ji - (?‘ + ln%ﬁj IO{‘@H?} + O(@.g“ﬁ +

]
+ (J+in=d ) I_{ar) + ‘ I (av) - dr
qﬁ% £ 0 (@‘& j) o)
which can be simplified to
Fa : I
% % r Co(r){iln% + @%@Qﬁ— O(ﬁie) j dP o

From this expression the residue can be derived at once.
Using @&2 = PV DMﬁ we have *

a ‘
_ - g a =
Res (A3) = 1tm e P2 L rey(r)f 1n2+ +
O

| a2
(A6) o pr.:pn p =0 (@ga)
e O(@\(,g) % dI’ﬂm % J i & CO(r") dr'o
. a
O

The resiﬁues at D, s n=1,2,3,... are found by using

Res 1 1 . _lim  pepn . A u
| N ] | '! g
p=p,, LI, (¢ a) P=*+D. I, («a) 3%'(10 (@aa)pmp
| n
Ssince y
3 Loy o av
= (I o a = 1 . a
we find
Res T _ e @in D
.. " - o



1D -

Taking the residue of (A3} at p=p,, The first term of the
integrand vanishes because 1t is an entire function of
% (& >0)., The residue is therefore given by

(A7) Res {(A3) = -
p=pn

~:Io(@mnr) dr .

We know that Ioix} satisfies the differential eqguation

g0

1 1.
y {(x) + -7 (x) - y(x) =0
and because IO*@@na) =0 we have the identity

(A8) T (*::»:iana} = Io(ﬂfﬁ;:sina) .

g —r
T (x) K '{x) - I (x) K (x)=-x",
it follows that for x u@ﬁna
. C 7 o 1 -1 .

Using (A8) and (A9) the formula of Res (A3) becomes

p=p,
| . PR a
| 3! I (m r) 4
{AJBO) Res (AB) = giém me*é*“zlm / r C (I’) L (*"%’ I") ar
J O O n
— a I (“fr-"q: a) O
P=p., O n

n - ‘1‘923#*0

Now we consider the closed contour C consisting of the
path &-iR , # +iR and the semicirclel’ with origin
(¢,0) and radius R (fig 2).
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If we let & =»0 , leaving a semicircle with an arbitrarily
small radius ¢ around the origin and taking care that I does
not go through any of the poles p,» 1t can be shown that

D2 ) ., |
j(e ¢ éﬁgp) dp 5> for R = &0 .
gu

In a similar way it appears that

Consegquently
ePZ2 2 (r,p) dp = jr e? ¢ (r,p) ap ,

| L .
where I, 1s the vertical path € - 1lee , e+ 1o (&> 0).
On the other hand we have the relation

- epz C ( rsP ) dp =

25 1

and therefore the right-hand side of (2.8) can be written
of residue: '

f&a a s x Pt

c{r;z) = w—
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In order to apply this result we combine (A6) and (A10) ,
getting Tthe expansion

pd n I (« r)
r co(r) dr + £, © o  n _;
(. 2)

IC 1s convenient to write this formula in terms of Jo(xx)
in place of I (x). For that reason we write

T | |
l . = - -y ﬁé“:n 3 i‘&na = """f.:,»‘in:

B. In section 3 we met with the integral
a

E;.
. A :
; | 4 N ! * - ._ - E
| Y b
. A il |
o ova i'r
b
9

(B1)

If co(r) is given by (3.1) we may write

a S
(82) | T co(r) I (F )
O
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which may easily be wverified b'y differentiating both sildes
with respect to x. Since J_'(x) = - J,(x) it follows that
b , 4

(BY%) j X JOQIE%:)

a

ok b JQ(b) - a Joga) °

Using (B4) the right. mhan@ side of the egquation (Bz) becomes
after some calculations

(B5) (“ﬁ“&)a{ﬁn 34lp ) -

and so, if co(r) be given by (3.1)

a . | .
Of r o m 7o (5 pn) ar = —2 3, (22



